
Technical Appendices and Supplementary Material410

A Preliminaries411

A.1 Basic Notation412

Notation A.1. N = {1, 2, 3, . . .}, i.e., 0 /→ N. log(·) and ln(·) denote logarithm to base 2 and e,413

respectively.414

Notation A.2 (Sequences). Let X be a set and n, k → N. For a sequence x = (x1, . . . , xn) → X
n,415

we write x→k to denote the subsequence (x1, . . . , xk). If k ↑ 0 then x→k denotes the empty sequence,416

which is also denoted by ω = X
0. We use the notation X

→n = ↓
n
i=0X

i.417

A.2 Standard Online Learning418

Let X be a set, and let H ↔ {0, 1}X be a collection of functions called a hypothesis class. A learner419

strategy or simply learner for the standard online learning game (Game 1) is a function420

L :
n↑1⋃

i=0

(X ↗ {0, 1})i ↗ X ↘ {0, 1},

where n → N is the number of rounds in the game. The set of all such learner strategies is denoted Ln.421

An adversary strategy or simply adversary for the standard online learning game is a pair of functions422

Ainstance :
n↑1⋃

i=0

(X ↗ {0, 1}↗ {0, 1})i ↘ X , and

Alabel :
n↑1⋃

i=1

(X ↗ {0, 1}↗ {0, 1})i ↗ {0, 1} ↘ {0, 1}.

The set of all such adversary strategies is denoted An.423

Semantically, the interpretation of these strategies is that in each round t → [n] of Game 1, the424

adversary selects an instance425

xt = Ainstance(x1, ŷ1, y1, . . . , xt↑1, ŷt↑1, yt↑1) → X ,

then the learner makes a prediction426

ŷt = L(x1, y1, . . . , xt↑1, yt↑1, xt) → {0, 1},

and finally, the adversary assigns a label427

yt = Alabel(x1, ŷ1, y1, . . . , xt↑1, ŷt↑1, yt↑1, ŷt) → {0, 1}.

The adversary’s function Alabel must satisfy realizability, meaning that there exists h → H such that428

≃t → [n] : yt = h(xt).

The number of mistakes is in a game with n rounds and hypothesis class H between learner L and429

adversary A is430

Mstd(H, n, L,A) = |{t → [n] : ŷt ⇐= yt}|.

A.3 Transductive Online Learning431

Given X and H as in Appendix A.2, a learner strategy for the transductive online learning setting432

(Game 2) is a function433

L : X
n
↗

n↑1⋃

i=0

{0, 1}i ↘ {0, 1},

where n → N is the number of rounds in the game. An adversary strategy consists of a sequence434

x → X
n and an adversary labeling strategy, which is a function435

A :

(
n↑1⋃

i=0

{0, 1}2i
)

↗ {0, 1} ↘ {0, 1}.
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The sets of all such learner and adversary strategies are denoted Ln and An respectively.436

Semantically, the interpretation of these strategies is that at the start of Game 2, the adversary selects437

the sequence x. Then, in each round t → [n], the learner makes a prediction438

ŷt = L(x, y1, . . . , yt↑1) → {0, 1},

and then the adversary assigns a label439

yt = A(ŷ1, y1, . . . , ŷt↑1, yt↑1, ŷt) → {0, 1}.

Exactly as in Appendix A.2, the adversary’s function A must satisfy realizability, namely,440

⇒h → H ≃t → [n] : yt = h(xt),

and the number of mistakes is in a game with sequence length n and hypothesis class H between441

learner L and adversary A is442

Mtr(H, n, L,A) = |{t → [n] : ŷt ⇐= yt}|.

A.4 Mistake Bounds443

In this paper, we study optimal mistake bounds, or the optimal number of mistakes, which is the value444

of Games 1 and 2. For M → {Mstd,Mtr}, the optimal number of mistakes in a game with hypothesis445

class H and sequence length n is,446

M(H, n) = sup
A↓An

inf
L↓Ln

M(H, n, L,A).

The optimal number of mistakes for hypothesis class H is447

M(H) = sup
n↓N

M(H, n).

Remark A.3. As is common in learning theory literature, in both Game 1 and Game 2, we take448

the sets Ln and An to be the sets of all (deterministic) functions. In this paper, we do not consider449

randomized strategies. By allowing arbitrary functions, we ignore issues relating to computability.450

A.5 Trees451

Definition A.4 (Notation for binary trees). Let d → N ↓ {0}. A perfect binary tree of depth d is a452

collection of 2d+1
⇑ 1 nodes, which we identify with the collection of binary strings453

Td =
{
{0, 1}k : k → {0, 1, 2, . . . , d}

}
.

The empty string, denoted ω = {0, 1}0, is a member of Td and is called the root of the tree. Every454

string u → {0, 1}d is called a leaf. The depth of a node u → Td, denoted |u|, is the length of u as a455

string, namely, the integer k such that u → {0, 1}k.456

For two nodes u, v → Td, we say that u is a parent of v, and that v is a child of u, if v = u ⇓ 0 or457

v = u ⇓ 1, where ⇓ denotes string concatenation. More fully, for b → {0, 1}, we say that v is a b-child458

of u if v = u ⇓ b.459

Recursively, we define that u is an ancestor of v and that v is a descendant of u, and write u ↭ v, if460

one of the following holds:461

• v = ufunction → Td : u ↭ w ↭ v.462

For b → {0, 1}, we say that v is a b-descendant of u, denoted u ↭b v, if v is a descendant of the463

b-child of u.464

Definition A.5 (Paths in a binary tree). Let d, k → N, k ↑ d. Let u → {0, 1}k be a node in Td.465

The path to u is the unique sequence path(u) = (u0, u1, u2, . . . , uk) such that u0 = ω is the root,466

uk = u, and ui is a child of ui↑1 for all i → [k].467

Let f : Td ↘ {0, 1} be a function. The path of f is the unique sequence path(f) =468

(u0, u1, u2, . . . , ud) such that u0 = ω is the root, and for each i → [d], ui = ui↑1 ⇓ f(ui↑1).469

Namely, ui is the f(ui↑1)-child of ui↑1.470

For a hypothesis class H ↔ {0, 1}Td , we define path(H) = path(fmaj), where fmaj : Td ↘ {0, 1}471

is given by472

fmaj(u) = 1

(
|{h → H : h(u) = 1}|

|H|
⇔

1

2

)
.
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A.6 Littlestone Dimension473

Definition A.6 (Littlestone, 1987). Let X be a set, let H ↔ {0, 1}X , and let d → N ↓ {0}. We say474

that H shatters the binary tree Td if there exists a mapping Td ↘ X given by u ↖↘ xu such that for475

every u → {0, 1}d+1 there exists hu → H such that476

≃i → [d+ 1] : h(xu→i↑1
) = ui.

The Littlestone dimension of H, denoted LD(H), is the supremum over all d → N such that there477

exists a Littlestone tree of depth d⇑ 1 that is shattered by H.478
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h(xω) = 1
h(x1) = 0
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Figure 2: A shattered Littlestone tree of depth 2. The empty sequence is denoted by ω.
(Source: Bousquet et al., 2021)

Theorem A.7 (Littlestone, 1987). Let X be a set and let H ↔ {0, 1}X such that d = LD(H) < ↙.479

Then there exists a strategy for the learner that guarantees that the learner will make at most d480

mistakes in the standard (non-transductive) online learning setting, regardless of the adversary’s481

strategy and of the number n of instances to be labeled. Furthermore, there exists an adversary that482

forces every learner to make at least min {n, d} mistakes.483

B Lower Bound484

B.1 Statement485

Our !
(∝

d
)

lower bound states the following.486

Theorem B.1 (Lower bound). There exists a constant d0 ⇔ 0 as follows. Let d → N, d ⇔ d0, let X487

be a set, and let H ↔ {0, 1}X be a hypothesis class with LD(H) = d. Then for every k → [d] there488

exist a sequence x → X
n of length n = O

(
k · 2

↔

k
)

such that for every learning rule L there exists489

h → H such that490

Mtr(L, x, h) ⇔
∝

k. (3)

Moreover, this is witnessed by a simple adaptive labeling strategy for the adversary (as in Algorithm 1)491

that forces every learning rule to make at least
∝
k mistakes on the (same) sequence x. Furthermore,492

for any integer n → N,493

Mtr(H, n) ⇔ min
{∝

d, ′log(n)∞
}
. (4)

See Section 2.2 for a general overview of this result and the main proof ideas. In the following494

subsections we prove Theorem B.1. Algorithm 1 gives an explicit construction of the adversary that495

witnesses the lower bound, using Algorithm 2 as a subroutine. We start with presenting some initial496

observations about the behavior of these algorithms in Appendix B.2.497
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Assumptions:

• d → N, ε = 2↑
↔

d/2.
• T = Td is a perfect binary tree of depth d.
• H ↔ {0, 1}T is a class that shatters T .

TRANSDUCTIVEADVERSARY (H):

(x1, x2, . . . , xn) ∈ CONSTRUCTSEQUENCE (H) ϑ See Algorithm 2.

send (x1, x2, . . . , xn) to learner

H0 ∈ H

for t → [n]:

receive ŷt from learner

rt ∈
|{h → Ht↑1 : h(xt) = 1}|

|Ht↑1|

ymaj ∈ 1(rt ⇔ 1/2)

yt ∈

{
ymaj rt /→ [ε, 1⇑ ε]
1⇑ ŷt otherwise

send yt to learner

Ht ∈ {h → Ht↑1 : h(xt) = yt}

Algorithm 1: The strategy for the adversary that achieves the lower bound in Theorem B.1. Note that
while the construction of the sequence x is not entirely trivial, the adversary’s strategy for labeling
this sequence is very simple.

B.2 Analysis of the Adversary498

Claim B.2. Let d → N, let M =
∝
d/10, and let H ↔ {0, 1}Td be a hypothesis class. Consider an499

execution of CONSTRUCTSEQUENCE (H) as in Algorithm 2 that produces a sequence x1, x2, . . . , xt.500

Then:501

(a) For all i → [t], path(xi) is a subsequence of x0, x1, . . . , xi.502

(b) The length t of the sequence satisfies t < nd, where nd = (d+ 1) · 2M+1.503

Proof.504

(a) Fix i → [t]. It suffices to show that for all u → Td, if u ↭ xi then u → (x1, x2, . . . , xi).505

Proceed by induction on i. For the base case i = 1, the claim holds because x1 = ω.506

For the induction step, assume the claim holds for i → [t⇑ 1]. Let u ↭ xi+1, we prove that507

u → (x1, x2, . . . , xi+1). Assume xi+1 ⇐= ω (otherwise, there is nothing to prove).508

Because xi+1 appears in the sequence x, it must have been added to Q before it was added to509

x. The only place where items that are not ω are added to Q is in the line Q ∈ Q↓ {xt ⇓ y}.510

Namely, there exist an index j → [i] and a bit y → {0, 1} such that xi+1 = xj ⇓ y (note511

that j < i + 1 because xj was added to the sequence before xi+1). If xj = u we are512

done. Otherwise, note that xj is the parent of xi+1, and therefore u ↭ xj . By the induction513

hypothesis, u → (x1, x2, . . . , xj). This concludes the proof.514

(b) Items are added to the the sequence x only if they were previously added to Q. Therefore,515

the length of the sequence x is t = U + 1, where U is the number of times that the line516

“Q ∈ Q ↓ {xt ⇓ y}” was executed (we add 1 because ω is added to Q elsewhere).517
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Consider a function f that maps a node u in the sequence x to the value of the index b↗ at518

the time that u was added to Q. Namely, if u = xt ⇓ y and the index b↗ had some value ϖ519

when the line “Q ∈ Q ↓ {xt ⇓ y}” was executed, then f(u) = ϖ.520

Notice that “Q ∈ Q↓{xt⇓y}” is executed only if the condition xt → path(Hb↓) is satisfied521

in the previous line. By Item (a), the line “Hb↓ ∈ {h → Hb : h(xt) = y}”, and the fact that522

items in Q are processed in lexicographic order, it follows that there exists some assignment523

of labels ϱ : path(xt) ↘ {0, 1} such that524

Hb↓ ↔ {h → H : (≃u → path(xt) : h(u) = ϱ(u))} .

Assumptions:

• d → N, M =
∝
d/10, ε = 2↑

↔

d/2.
• T = Td is a perfect binary tree of depth d.
• ω, the empty string, is the root of T .
• H ↔ {0, 1}T is a class that shatters T .

CONSTRUCTSEQUENCE (H):

Hω ∈ H

H0 ∈ {Hω} ϑ A set of classes indexed by bit strings.

Q ∈ {ω} ϑ A set of nodes to be processed.

t ∈ 0

while |Q| > 0:

t ∈ t+ 1

xt ∈ min→lex Q ϑ Pop the lexicographically first string from Q and add
it to the output sequence.Q ∈ Q \ {xt}

Ht ∈ ⊋

for Hb → Ht↑1:

r ∈
|{h → Hb : h(xt) = 1}|

|Hb|

Y ∈

{
{0, 1}

(
r → [ε, 1⇑ ε]

)
∋
(
|b| ↑ M

)

{1(r ⇔ 1/2)} otherwise ϑ

Adversary will force
mistakes on the first
M balanced nodes.

for y → Y:

b↗ ∈

{
b |Y| = 1
b ⇓ y |Y| = 2 ϑ Restrict class to agree with y. If split-

ting the class in two to force a mis-
take then create new indices.Hb↓ ∈ {h → Hb : h(xt) = y}

Ht ∈ Ht ↓ {Hb↓}

if xt → path(Hb↓) ∋ |xt| < d: ϑ If xt is on-path for Hb↓ and it has a
y-child, add that child to Q.Q ∈ Q ↓ {xt ⇓ y}

return (x1, x2, . . . , xt)

Algorithm 2: A subroutine of Algorithm 1 for selecting the sequence x.
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Consequently, xt → path(G) for any class G that is a restriction of Hb↓ ; in particular, because525

the only way that Hb↓ might be modified later during the execution of Algorithm 2 is by526

restricting it further, it follows that xt → path(Hb↓) when the line “Q ∈ Q ↓ {xt ⇓ y}” is527

executed and in all subsequent times.528

However, | path(G)| = d + 1 for any class G ↔ {0, 1}Td . This implies that f maps at529

most (d+ 1) nodes to each bit string.19 In other words, for any bit string b, the size of the530

preimage satisfies |f↑1(b)| ↑ d+ 1.531

Thus,532

t = 1 + |{2, 3, . . . , t}|

= 1 +
∑

b↓{0,1}k

k→M

|{i → {2, 3, . . . , t} : f(xi) = b}|

= 1 +
∑

b↓{0,1}k

k→M

|f↑1(b)|

↑ 1 +
∑

b↓{0,1}k

k→M

(d+ 1)

↑ 1 + (d+ 1) · (2M+1
⇑ 1).

< (d+ 1) · 2M+1,

as desired.533

Claim B.3. Let d → N, and let H ↔ {0, 1}Td be a hypothesis class. Consider an execution of534

TRANSDUCTIVEADVERSARY (H) as in Algorithm 1. Let535

H0,H1, . . . ,Hn

be the sequence of hypothesis classes created by TRANSDUCTIVEADVERSARY, and let536

H0,H1, . . . ,Hn

be the sequence of collections created by the subroutine CONSTRUCTSEQUENCE (Algorithm 2).537

Then538

≃t → {0, 1, . . . , n} : Ht → Ht.

Proof. Proceed by induction on t → {0, 1, . . . , n}. The base case t = 0 is satisfied, because539

H0 = H → {H} = H0. For the induction step, assume that Hi↑1 → Hi↑1 for some i → [n]. We540

prove that Hi → Hi.541

Let yi be the label assigned to xi by TRANSDUCTIVEADVERSARY. Then542

Hi = {h → Hi↑1 : h(xi) = yi}.

Consider the iteration of the while loop in CONSTRUCTSEQUENCE that starts with t ∈ i. By the543

induction hypothesis, Hi↑1 → Hi↑1. Therefore, in this iteration of the while loop, there will be an544

iteration of the “for Hb → Ht↑1” loop where Hb = Hi↑1. In that iteration, yi → Y by construction of545

yi and Y . Therefore, in the iteration of the “for y → Y” loop in which y = yi,546

Hb↓ = {h → Hb : h(xt) = y} = {h → Hi↑1 : h(xi) = yi} = Hi.

The class Hb↓ is then added to Hi = Ht in the line “Ht ∈ Ht ↓ {Hb↓}”. Furthermore, no class is547

ever removed from Ht. So Hi → Hi, as desired.548

19Note that xt → y could be added to Q twice: once with y = 0 and a second time with y = 1. However,
when this happens, the index b is replaced by two indices of the form b→ = b → y; for each such b→, there just is a
single node of the form xt → y such that f(xt → y) = b→.
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Claim B.4. Let d → N, let k → {0, 1, . . . , d}, and let H ↔ {0, 1}Td be a hypothesis class. Consider549

an execution of TRANSDUCTIVEADVERSARY (H) as in Algorithm 1 where the adversary constructs550

a sequence of nodes x1, x2, . . . , xn → Td and a sequence of classes H0,H1, . . . ,Hn ↔ {0, 1}Td .551

Then there exists i → [n] such that552

1. |xi| = k, and553

2. xi → path(Hi↑1).554

Proof. Proceed by induction on k. For the base case k = 0, notice that x1 = ω, |ω| = 0, and555

ω → path(H0).556

For the induction step, assume the claim holds for some k → {0, 1, . . . , d⇑ 1}, and let ik → [n] such557

that |xik | = k and xik → path(Hik↑1); we prove that the claim holds for k + 1 as well.558

Consider the iteration of the while loop in CONSTRUCTSEQUENCE in which xik is added to the559

sequence (i.e., the iteration starting with t ∈ ik). By Claim B.3, Hik↑1 → Hik↑1. Hence, within this560

iteration of the while loop, there is an iteration of the “for Hb → Ht↑1” loop such that Hb = Hik↑1.561

By construction, the set Y always contains the label predicted by the adversary, so yik → Y . Because562

xik → path(Hik↑1) = path(Hb), it follows that xik → path(Hb↓). Seeing as |xik | < d, in the last563

line of the iteration of the “for y → Y” loop with y = yik , the node xik+1 := xik ⇓ yik is added to Q.564

This guarantees that xik+1 will eventually be popped from Q and added to the sequence returned by565

CONSTRUCTSEQUENCE. Once a node has been added to the sequence, it is never removed.566

Notice that |xik+1 | = |xik | + 1 = k + 1, satisfying Item 1. Therefore, it remains to show Item 2,567

namely, to show that xik+1 → path
(
Hik+1↑1

)
.568

Let (ω = u0, u1, u2, . . . , uk = xik) = path(xik) be the root-to-node path to xik . By Item (a) in569

Claim B.2, path(xik) is a subsequence of x→ik . By the construction of the version space Hik , Hik570

is restricted to agree with the root-to-node path to xik , as well as with the label yik .20 So Hik is571

restricted to agree with the root-to-node path to xik ⇓ yik = xik+1 . This implies that,572

≃G ↔ Hik : xik+1 → path(G).

In particular, because Hik+1↑1 ↔ Hik , it follows that xik+1 → path
(
Hik+1↑1

)
, as desired.573

B.3 Proof574

Claim B.5. Let d → N, d ⇔ 800, and let H ↔ {0, 1}Td with cardinality |H| = 2d+1 be a hypothesis575

class that shatters Td. Consider an execution of TRANSDUCTIVEADVERSARY (H) as in Algorithm 1.576

Let x1, . . . , xn and y1, . . . , yn be nodes and labels selected by the adversary, let H0,H1, . . . ,Hn577

be the hypothesis classes defined by the adversary, and let ŷ1, . . . , ŷn be the labels selected by the578

learner.579

Let580

S = {s0, s1, s2, . . . } =
{
t → [n] : rt → [ε, 1⇑ ε]

}

be the set of indices where the adversary forces a mistake.581

For each k → {0, 1, 2, . . . ,
∝

d

}, define582

smax(k) = max
{
t → [n] : |xt| ↑ k

∝

d
}
.

Then |S| ⇔
∝

d

+ 1, and for all k → {0, 1, 2, . . . ,

∝
d

}:583

1. sk ↑ smax(k), and584

2. |Hsk | ⇔ 2d↑k
↔

d.585

20Formally, there exists a mapping j : path(xik ) ↑ [ik] such that for each u ↓ path(xik ), u = xj(u), and
Hik ↔

{
h ↓ H :

(
↗u ↓ path(xik ) : h(u) = yj(u)

)}
.
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Proof. Proceed by induction on k. For the base case k = 0, smax(0) = 1 because x1 = ω is the586

root, and all other nodes in the sequence are strictly deeper than the root. Because H shatters Td and587

|H| = 2d+1, H is perfectly balanced on the root ω, meaning that for all ς → {0, 1}, if we denote588

H(ε) = {h → H : h(ω) = ς} ,

then589 H(ε)

 = 1

2
· 2d+1 = 2d. (5)

So r1 = 1/2, and therefore the adversary forces a mistake on index s0 = smax(0) = 1, satisfying590

Item 1. Furthermore, Eq. (5) implies,591

|Hs0 | = |H1| =
H(y1)

 = 2d = 2d↑k
↔

d,

satisfying Item 2.592

For the induction step, assume for some k → {0, 1, 2, . . . ,
∝

d

⇑ 1} that |S| ⇔ k + 1 and Items 1593

and 2 hold for k. We show that |S| ⇔ k + 2 and Items 1 and 2 hold for k + 1 as well. To594

establish |S| ⇔ k + 1 and Item 1 for k + 1, it suffices to show that there exists an index t such that595

sk < t ↑ smax(k + 1) and rt → [ε, 1⇑ ε]. Assume for contradiction that no such index exists. Then,596

Hsmax(k+1)

 ⇔ |Hsk | ·

smax(k+1)

t=sk+1

max {rt, 1⇑ rt} (rt /→ [ε, 1 ⇑ ε] implies yt = ymaj,
so larger subclass survives)

⇔ 2d↑k
↔

d
·

smax(k+1)

t=sk+1

max {rt, 1⇑ rt} (Induction hypothesis Item 2)

⇔ 2d↑k
↔

d
· (1⇑ ε)nd (rt /→ [ε, 1⇑ ε]; Item (b) in Claim B.2)

⇔ 2d↑k
↔

d↑1, (6)

where the last inequality holds because597

(1⇑ ε)nd =
(
1⇑ 2↑

↔

d/2
)(d+1)·2

↔
d/10+1

⇔
1

2
(7)

for our choice of d ⇔ 800.598

On the other hand, by Claim B.4, there exists t → [smax(k + 1)] such that |xt| = (k + 1)
∝
d and599

xt → path(Ht↑1). By Item (a) in Claim B.2 and the construction of Ht, the class Ht agrees with the600

root-to-node path to xt. Namely, there exists an assignment of labels ϱ : path(xt) ↘ {0, 1} such601

that602

Ht ↔
{
h → H :

(
≃u → path(xt) : h(u) = ϱ(u)

)}
.

Seeing as |path(xt)| = |xt|+ 1 = (k + 1)
∝
d+ 1, this implies that603

Hsmax(k+1)

 ↑ |Ht| ↑ 2d+12↑(k+1)
↔

d↑1 = 2d↑(k+1)
↔

d. (8)

Combining Eqs. (6) and (8) gives604

2d↑k
↔

d↑1
↑

Hsmax(k+1)

 ↑ 2d↑(k+1)
↔

d.

Namely,605

d⇑ k
∝

d⇑ 1 ↑ d⇑ (k + 1)
∝

d =△ d ↑ 1,

which is a contradiction to our choice of d ⇔ 800. This implies that |S| ⇔ k + 2 and Item 1 holds for606

k + 1, namely, the index sk+1 → S satisfies sk+1 ↑ smax(k + 1).607

Item 2 follows by a calculation similar to Eq. (6). Seeing as sk+1 is the first index after sk where a608

mistake is forced,609
Hsk+1

 ⇔ ε · (1⇑ ε)sk+1↑sk
· |Hsk |

⇔ ε · (1⇑ ε)nd
· |Hsk | (Item (b) in Claim B.2)
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⇔ ε · (1⇑ ε)nd
· 2d↑k

↔

d (Induction hypothesis Item 2)

⇔ 2↑
↔

d/2
· 2d↑k

↔

d↑1 (Eq. (7) and choice of ε)

⇔ 2d↑(k+1)
↔

d,

as desired.610

Finally, we complete the proof of the lower bound.611

Proof of Theorem B.1. Fix d0 = 800 and assume d ⇔ d0. Fix k ↑ d. Seeing as LD(H) = d, H612

shatters the tree Tk. By replacing H with a suitable subset of H as necessary, assume without loss of613

generality that H ↔ {0, 1}Tk and |H| = 2k+1.614

Consider an execution of TRANSDUCTIVEADVERSARY (H) as in Algorithm 1. By Item (b) in615

Claim B.2, Algorithm 1 constructs a sequence x = (x1, x2, . . . , xn) of length n < nk for616

nk = (d+ 1) · 2
↔

d/10+1 = O
(
d · 2

↔

d
)
.

By Claim B.5, for every learning rule, the adversary forces at least
∝

k

+ 1 ⇔

∝
k mistakes on the617

sequence x, establishing Eq. (3) in Theorem B.1 and the “moreover” sentence that follows it.618

Fix a length n → N. Let k be the largest integer such that 2▽
↔

k̸
↑ n and k ↑ d. By Eq. (3), there619

exists some sequence on which the adversary can force every learning rule to make at least
∝
k620

mistakes. By Theorem C.2, this implies that there exists a sequence of length 2▽
↔

k̸
↑ n on which621

the adversary can force every learning rule to make at least
∝
k = min

{∝
d, ′log(n)∞

}
mistakes.622

Namely,623

Mtr(H, n) ⇔ min
{∝

d, ′log(n)∞
}
,

as in Eq. (4).624

C Sequence Length625

In this section, we show that if there exists a sequence on which the adversary can force M mistakes,626

then a sequence of length 2M ⇑ 1 is sufficient, and this upper bound is tight for some classes.21627

Definition C.1 (Minimal sequence). Let X be a set, let H ↔ {0, 1}X be a class, and let M → N.628

The minimal sequence length for forcing M mistakes for the class H, denoted MinLen(H,M) is629

MinLen(H,M) = inf {n → N : (⇒x → X
n : Mtr(H, x) ⇔ M)}.

In words, MinLen(H,M) is the smallest integer n for which there exists a sequence of length630

n on which the adversary can force at least n mistakes; if no such sequence exists, then631

MinLen(H,M) = ↙.632

Theorem C.2 (Minimal sequence bound). Let X be a set, and fix M → N. Then for any class633

H ↔ {0, 1}X , if MinLen(H,M) < ↙ then634

MinLen(H,M) ↑ 2M ⇑ 1.

Furthermore, there exists a class H ↔ {0, 1}X for which MinLen(H,M) = 2M ⇑ 1.635

Theorem C.2 is a corollary of the tree rank characterization of Mtr from Ben-David et al. (1997).636

For completeness, we present a direct proof of Theorem C.2 that does not directly invoke that637

characterization. Roughly, given an adversary A0 that forces every learner to make at least M638

mistakes on a (possibly long) sequence x, we apply two modifications to obtain new adversaries639

A0 ↫ A1 ↫ A2.

A1 forces M mistakes and has a specific structure that we call ‘rigidity’, but it still uses the same640

(possibly long) sequence x. Capitalizing on the rigid structure, A2 selects a subsequence of x of641

length at most 2M ⇑ 1, and forces M mistakes on that subsequence.642

21Of course, there also exist classes for which a shorter sequence is sufficient. For instance, if the class shatters
(in the VC sense) a subset of the domain of cardinality M , then a sequence of length M suffices.
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C.1 Rigid Adversary643

Definition C.3 (Rigid adversary). Let n → N, let X be a set, and let644

A :

(
n↑1⋃

k=0

{0, 1}2k
)

↗ {0, 1} ↘ {0, 1}

be an adversary strategy for some fixed sequence x → X
n. We say that A is rigid if there exists a645

function646

f :
n↑1⋃

k=0

{0, 1}k ↘ {0, 1, φ}

such that for all k → {0, 1, . . . , n⇑ 1} and all y, ŷ → {0, 1}k,647

A(ŷ1, y1, . . . , ŷk, yk, ŷk+1) =

{
f(y1, . . . , yk) f(y1, . . . , yk) → {0, 1}
1⇑ ŷk+1 f(y1, . . . , yk) = φ .

Note that if an adversary is rigid, then the function f that witnesses this is uniquely determined.648

Claim C.4 (Rigid adversary exists). Let n,M → N, let X be a set, let x → X
n, and let H ↔ {0, 1}X649

be a class. Let A be an adversary strategy that forces every learner to make at least M mistakes on x.650

Then there exists an adversary strategy A↘ such that:651

1. A↘ forces every learner to make at least M mistakes on x and A↘ is rigid.652

2. Let f be the function that witnesses the rigidity of A↘. Then for every y → {0, 1}n, the653

sequence654

f(y→0), f(y→1), f(y→2), . . . , f(y),

has at least M members equal to φ.655

Proof of Claim C.4. For Item 1, consider the adversary strategy A↘ that simulates an execution of A,656

as in Algorithm 3. In broad strokes, A↘ functions as a middle-man between the learner and A. As657

the learner makes a sequence of predictions ŷ → {0, 1}n, the adversary A↘ generates a sequence of658

(possibly different) predictions ỹ → {0, 1}n, and sends those to the adversary A. Adversary A sees659

only the predictions ỹ, and assigns labels y → {0, 1}n, which are relayed back to the learner by A↘660

with no modifications.661

First, observe that A↘ satisfies the realizability requirement. Indeed, A↘ simulates an execution of A662

such that the sequence of labels y1, . . . , yn sent by A↘ to the learner is exactly the sequence of labels663

selected by A. Seeing as A is realizable, every sequence of labels selected by A is realizable, and664

therefore every sequence of labels selected by A↘ must be realizable as well.665

Second, observe that A↘ forces every leaner to make at least M mistakes. To see this, notice that in666

Algorithm 3,667 ∑

t↓[n]

1(ỹt ⇐= yt) ⇔ M. (9)

Indeed, A forces every learner to make at least M mistakes, and in particular this applies to a learner668

that makes predictions ỹ as in the simulation. Furthermore, observe that A↘ only alters the predictions669

it receives from the learner in cases when it selects a label that is accepted by A, namely,670

≃t → [n] : ỹt ⇐= ŷt =△ ỹt = yt. (10)

Therefore, if E = {t → [n] : ỹt = ŷt}, then671

∑

t↓[n]

1(ỹt ⇐= yt) =
∑

t↓E

1(ỹt ⇐= yt) +
∑

t↓[n]\E

1(ỹt ⇐= yt)

=
∑

t↓E

1(ỹt ⇐= yt) + 0 (By Eq. (10))

=
∑

t↓E

1(ŷt ⇐= yt) (Defintion of E)
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Assumptions:
• n → N, X is a set, x → X

n is a fixed sequence of instances.

• A :
(n↑1

k=0 {0, 1}2k
)
↗ {0, 1} ↘ {0, 1} is an adversary labeling strategy for x.

RIGIDADVERSARY:

send x1, . . . , xn to the learner

for t = 1, 2, . . . , n:

receive prediction ŷt from learner

if A(ỹ1, y1, . . . , ỹt↑1, yt↑1, 0) = 0:
ỹt ∈ 0

else if A(ỹ1, y1, . . . , ỹt↑1, yt↑1, 1) = 1:
ỹt ∈ 1

else:
ỹt ∈ ŷt

send prediction ỹt to A

receive label yt from A

send label yt to learner

Algorithm 3: Construction of a rigid adversary, by simulating a given adversary A.

↑

∑

t↓[n]

1(ŷt ⇐= yt). (11)

Combining Eqs. (9) and (11) implies that A forces at least M mistakes.672

Third, we show that A↘ is rigid. We claim that there exists a function g : {0, 1}→n↑1
↘ {0, 1}→n↑1673

such that for every t → {0, 1, 2, . . . , n⇑ 1},674

(ỹ1, . . . , ỹt) = g(y1, . . . , yt).

Proceed by induction on t. For the base case t = 0 there is nothing to prove. For the induction step,675

we assume the claim holds for some t = k < n ⇑ 1, and show that it holds for t = k + 1. From676

Algorithm 3, ỹk+1 satisfies677

ỹk+1 =


0 A(ỹ1, y1, . . . , ỹk, yk, 0) = 0
1 A(ỹ1, y1, . . . , ỹk, yk, 0) = A(ỹ1, y1, . . . , ỹk, yk, 1) = 1
1⇑ yk+1 otherwise

. (12)

The first two cases in Eq. (12) are immediate from Algorithm 3, and the remaining case occurs when678

A forces a mistake at time k+1, namely, when A selects yk+1 = 1⇑ ỹk+1. Thus, ỹk+1 is a function679

of y→k+1 and ỹ→k. By the induction hypothesis, ỹ→k = g(y→k), so ỹk+1 is simply a function of680

y→k+1. This establishes the existence of the desired function g.681

Hence, A↘ is rigid, as witnessed by the function682

f(y1, . . . , yk) =


0 A(ỹ1, y1, . . . , ỹk, yk, 0) = 0
1 A(ỹ1, y1, . . . , ỹk, yk, 0) = A(ỹ1, y1, . . . , ỹk, yk, 1) = 1
φ otherwise

,

where f is a well-defined function because ỹ→k = g(y→k).683

We have seen that A↘ is a valid (realizable) adversary that forces every learner to make at least M684

mistakes, and it is rigid. This concludes the proof of Item 1.685

Finally, For Item 2, note that ỹt ⇐= yt only if A forces a mistake at time t in the sense that A selects686

yt = 1⇑ b for any prediction b → {0, 1} provided at time t. If A forces a mistake at time t, then A↘687
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forces a mistake at time t as well. Therefore, if ỹt ⇐= yt, then f(y<t) = φ, namely, ỹt makes mistakes688

only when the value of f is φ. By Eq. (9), ỹt makes at least M mistakes throughout the game, so689

there must be at least M rounds where f outputs φ, as desired.690

C.2 Essential Indices691

Definition C.5. Let n,M → N, let X be a set, let x → X
n, and let H ↔ {0, 1}X be a class. Let A692

be a rigid adversary strategy witnessed by function f . We say that an index t → [n] is essential for693

A for forcing M mistakes on x if there exists a sequence y → {0, 1}t↑1 such that f(y) = φ and the694

sequence695

f(y→0), f(y→1), f(y→2), . . . , f(y→t↑1)

contains at most M ⇑ 1 members equal to φ.696

Claim C.6. Let n,M → N, let X be a set, let x → X
n, and let H ↔ {0, 1}X be a class. Let A be697

a rigid adversary strategy. Then [n] contains at most 2M ⇑ 1 indices that are essential for A for698

forcing M mistakes on x.699

Proof. For each essential index t → [n], there exists a label sequence y → {0, 1}t↑1 that witnesses700

that t is essential, as in Definition C.5. Each label sequence y is a witness for at most one index (the701

index |y|+ 1), so it suffices to show that the set Y ↔ {0, 1}→n↑1 of all witness label sequences is of702

cardinality at most 2M ⇑ 1.703

Think of Y as a collection of nodes in the binary tree Tn↑1 (Definition A.4). By Definition C.5, if704

y → Y , then the collection of all ancestors of y in Y has cardinality705

{y→i : i → {0, 1, 2, . . . , |y|⇑ 1}
}

∩ Y
 ↑ M ⇑ 1.

Namely, Y is a subtree of depth at most d = M ⇑ 1 in the binary tree Tn↑1.22 Hence, the number of706

nodes in Y is at most707

2d+1
⇑ 1 = 2M ⇑ 1,

as desired.708

22The depth of a subtree is s if the longest root-to-node path contains s+ 1 nodes from the subtree.
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C.3 Proof709

Assumptions:

• n,M → N, X is a set, x → X
n is a fixed sequence of instances.

• A1 :
(n↑1

k=0 {0, 1}2k
)
↗ {0, 1} ↘ {0, 1} is a rigid adversary labeling strategy

for x that forces every learner to make at least M mistakes on the sequence x, and
satisfies Items 1 and 2 in Claim C.4.

• I = {i1, i2, . . . , ik} ↔ [n] is the set of indices that are essential for A for forcing
M mistakes on x, and i1 ↑ i2 ↑ · · · ↑ ik. By Claim C.6, k ↑ 2M ⇑ 1.

MINIMALADVERSARY:

send xi1 , xi2 , . . . , xik to the learner

for t = 1, 2, . . . , n:

if t → I:
receive prediction ŷt from learner

send prediction ŷt to A1

receive label yt from A1

send label yt to learner

else:

send prediction ŷt = 0 to A1

receive label yt from A1

Algorithm 4: Construction of an adversary that forces M mistakes using a sequence x of length at
most 2M ⇑ 1. In the proof of Theorem C.2, this adversary is A2. Internally, it simulates a rigid
adversary A1.

Proof of Theorem C.2. If MinLen(H,M) < ↙, then there exist a sequence x → X
n, and an adver-710

sary A0 that forces every learner to make at least M mistakes on x. By Claim C.4, there exists a rigid711

adversary A1 that causes every learner to make at least M mistakes on x,23 and also satisfies Item 2712

in Claim C.4. Let f be the function that witnesses the rigidity of A1. By Claim C.6, the set I ↔ [n]713

of indices that are essential for A1 for forcing M mistakes on x has cardinality k = |I| ↑ 2M ⇑ 1.714

Algorithm 4 defines a new adversary, A2, which forces every learner to make at least M mistakes on715

a sequence of length k. A2 is realizable, because A1 is realizable.24716

To see that adversary A2 forces every learner to make at least M mistakes, let y1, . . . , yn be the717

sequence of labels assigned by A2. Seeing as A2 assigns the same labels as A1, and A1 satisfies718

Item 2 in Claim C.4, it follows that there are at least M indices j → [n] such that f(y→j↑1) = φ. Fix719

J ↔ [n] to be the first M such indices. Then J ↔ I , namely, all the indices in J are essential for A1720

for forcing M mistakes on x (Definition C.5).721

Therefore, for each j → J , A2 includes the instance xj in the sequence of length k sent to the learner.722

Then, in round j of the n rounds simulated by A2:723

• The leaner makes a prediction ŷj → {0, 1} corresponding to instance xj .724

23This is Item 1 in Claim C.4.
24The argument for realizability is the same as in the proof of Claim C.4.
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• Adversary A2 sends prediction ŷj to adversary A1. Because f(y→j↑1) = φ, adversary A1725

assigns the label yj = 1⇑ ŷj . Adversary A2 then sends that label yj to the learner. So the726

learner makes a mistake on xj .727

Hence, the learner makes at least |J | = M mistakes, as desired.728

D Upper Bound729

D.1 Statement730

The following result states that the lower bound of Theorem B.1 is tight for some classes.731

Theorem D.1 (Upper bound, and separation between standard and transductive online learning).732

For every integer d ⇔ 23, there exists a hypothesis class H ↔ {0, 1}X with a domain X of size733

|X | = 2d ⇑ 1 such that LD(H) = d and the following two conditions hold for all n → N:734

1. Mtr(H, n) ↑ 48 ·
∝
d.735

2. Mstd(H, n) = min {n, d}.736

D.2 Hypothesis Class737

In this section we construct the hypothesis class for Theorem D.1.738

Lemma D.2. Let d → N, d ⇔ 22. Let Td be a perfect binary tree of depth d, as in Definition A.4.739

Then there exists a collection of functions H ↔ {0, 1}Td such that LD(H) = d+ 1 and the following740

two conditions hold for all H ↔ H and all X ↔ Td:741

1. If ≃h → H ≃x → X : x /→ path(h) ∋ h(x) = 0, then min {|H|, |X|} < 22
↔

d.742

2. If ≃h → H ≃x → X : x /→ path(h) ∋ h(x) = 1, then |H| < 22
↔

d or |X| < 3
∝
d.743

The proof employs the probabilistic method, showing that a hypothesis class sampled randomly from744

a suitable distribution has the desired properties with very high probability.745

Proof. Let P be a probability distribution over hypothesis classes. Formally, P →746

”
(
({0, 1}Td)2

d+1
)

is a distribution over vectors of hypotheses. Each vector H → supp(P) consists747

of 2d+1 hypotheses,748

H = (hb)b↓{0,1}d+1 ,

where for each b → {0, 1}d+1, hypothesis hb is a function hb : Td ↘ {0, 1} sampled independently749

as following:750

• For each i → [d] ↓ {0}: hb(b→i) = bi+1. (In particular, with probability 1, path(hb) =751

(b→0, b→1, . . . , b→d), each entry in the vector H is unique, and H shatters Td.)752

• For each x → Td\path(hb), the bit hb(x) → {0, 1} is sampled Ber
(
2↑

↔

d
)

independently of753

all other bits in H, i.e., P[hb(x) = 1] = P[hb(x) = 1 | {hb↓}b↓ ≃=b, {hb(x↗)}x↓ ≃=x] = 2↑
↔

d.754

Fix B ↔ {0, 1}d+1 and X ↔ Td, and let E(B,X, y) denote the event755

{≃b → B ≃x → X : x /→ path(hb) ∋ hb(x) = y}. (13)

Seeing as each off-path label hb(x) → {0, 1} is sampled independently,756

PH⇐P [E(B,X, 0)] =


(b,x)↓B⇒X

PH⇐P [x /→ path(hb) ∋ hb(x) = 0]

↑ (1⇑ 2↑
↔

d)|B⇒X|. (14)
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Hence,757

PH⇐P


⇒B ↔ {0, 1}d+1

⇒ X ↔ Td : E(B,X, 0) ∋ min {|B|, |X|} ⇔ 22
↔

d


↑

(
|{0, 1}d+1

|
22

↔

d


)(
|Td|
22

↔

d

)
(1⇑ 2↑

↔

d)2
4
↔

d

(union bound, Eq. (14))

< 2

(
2d+1

22
↔

d + 1

)
(1⇑ 2↑

↔

d)2
4
↔

d

< 2 · 2
(d+1)·

(
22

↔
d+1

)

· e↑2↑
↔

d
·24

↔
d

(
(
n

k

)
< nk for k ⇔ e; 1 + x ↑ ex for x → R)

< 2(d+2)22
↔

d

· 2↑2↑
↔

d
·24

↔
d

(22
↔

d
⇔ d+ 2 for d ⇔ 1)

= 22
2
↔

d
·(d+2↑2

↔
d)

< 2↑22
↔

d

. (d+ 2⇑ 2
↔

d < ⇑1 for d ⇔ 22)
(15)

Similarly,758

PH⇐P [≃b → B ≃x → X : x /→ path(hb) ∋ hb(x) = 1] ↑ 2↑
↔

d·|B⇒X|, (16)

so759

PH⇐P


⇒B ↔ {0, 1}d+1

⇒ X ↔ Td : E(B,X, 0) ∋ |H| ⇔ 22
↔

d
∋ |X| ⇔ 3

∝

d


↑

(
|{0, 1}d+1

|
22

↔

d


)(
|Td|
3
∝
d

)
· 2↑

↔

d·22
↔

d
·3
↔

d (union bound, Eq. (16))

< 2

(
2d+1

22
↔

d + 1

)
· 2↑3d·22

↔
d

< 22d·2
2
↔

d

· 2↑3d·22
↔

d

(for d ⇔ 2)

< 2↑d2
↔

d

. (17)

Applying a union bound to Eqs. (15) and (17) gives760

PH⇐P [H satisfies Items 1 and 2] ⇔ 1⇑ 2↑22
↔

d

⇑ 2↑d2
↔

d

⇔ 1⇑ 10↑100.

In particular, there exists a collection H that satisfies Items 1 and 2. Furthermore, this collection761

has LD(H) = d+ 1 (namely, LD(H) ⇔ d+ 1 because it shatters Td; and LD(H) ↑ d+ 1 because762

|H| = 2d+1).763

D.3 Algorithm764

In this section we describe Algorithms 5, 6a and 6b, which together constitute the learning algorithm765

that achieves the O
(∝

d
)

mistake upper bound in the transductive setting, as in Theorem D.1. See766

Section 2.3 for a general overview of these algorithms.767

D.3.1 How Experts Work768

We start with some preliminary remarks about experts in Algorithms 5, 6a and 6b.769

Experts. A tuple e = (S, u,H) defines an expert that can make predictions using the procedure770

EXPERT.PREDICT(e, ·). The tuple e reflects two kinds of information:771

1. Knowledge. Information that the expert knows with certainty. Specifically, this reflects the772

labels y1, y2, . . . sent by the adversary so far. All experts see the labels sent by the adversary,773

so this knowledge is the same for all experts.774
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2. Assumptions. At certain times, experts make assumptions about things that are not known775

for certain. Specifically, experts assume that certain nodes x are on-path (x → path(h))776

or off-path (x /→ path(h)) with respect to the correct labeling function h : Td ↘ {0, 1}.777

Assumptions are simply guesses that may be wrong, and therefore when an expert needs to778

make such an assumption, it splits into two experts (as described below), with one expert779

assuming x → path(h), and the other expert assuming x /→ path(h). This ensures that there780

always exists an expert for which all assumptions are correct.781

In greater detail, the contents of the state tuple e = (S, u,H) represents the knowledge and assump-782

tions of the expert as follows:783

⇓ u → Td – This single node encodes everything the expert knows and assumes about which of784

the nodes labeled so far are on-path. Observe that if v1, v2, . . . , vk → Td are nodes that are785

assumed to be on-path (and all these assumptions are consistent), then these k assumptions786

can be represented succinctly by assigning u = vi↗ where vi↗ is the deepest node among787

v1, v2, . . . , vk. Therefore, u simply holds the deepest node in the tree that is known or788

assumed to be on-path. At the start of the algorithm, this value is initialized to be u = ω,789

because the root is known to be on-path regardless of the target function.790

⇓ S ↔ Td – the ‘danger zone’, as described in Section 2.3.4. This is a collection that contains791

all nodes in the prefix x→tmax = (x1, x2, . . . , xtmax) of the sequence to be classified that792

have not been labeled yet and might be on-path for the true labeling function h given what793

the expert knows and assumes so far. However, S is not required to contain ancestors of794

nodes that are assumed to be on-path. Initially, S equals the prefix x→tmax . As information795

accumulates, nodes that cannot be on-path are removed from S. For instance, if xi → Td is796

assigned label yi → {0, 1} by the adversary, then any (1⇑ yi)-descendant of xi (including797

xi itself) may safely be removed from S.798

⇓ H ↔ {0, 1}Td – the version space of the experts, i.e., the collection of all functions that could799

be the correct labeling function given everything that the expert knows and assumes. Initially,800

H contains all functions in H. As information accumulates, some functions are ruled out.801

Specifically, a function h can be removed from H for two reasons: (i) the adversary assigns802

a label y ⇐= h(x) to some node x → Td; (ii) the expert makes an assumption that some803

x → Td is on-path for the correct labeling function but x /→ path(h), or vice versa, the expert804

assumes that x is off-path for the correct labeling function but x → path(h).805

Updates and splits. An expert can be modified using the procedure EXPERT.UPDATE(e, ·, ·). This806

procedure either returns a single modified tuple (S, u,H) (in the first two return statements in the807

procedure), in which case we think of the expert as being updated; or alternatively, the procedure808

returns two tuples e↓ = (S↓, u↓, H↓) and e/↓ = (S/↓, u/↓, H/↓) (in the third return statement), in809

which case we think of the expert as being split into two experts. e↓ corresponds to adding an810

assumption that the most recently presented node xt is on-path for the correct labeling function, and811

e/↓ corresponds to adding the opposite assumption.812

Ancestry. At the end of each iteration of the outer ‘for’ loop in Algorithm 5, for each expert813

e → Et+1 there exists a unique ancestry sequence ancestry(e) = (e1, e2, . . . , et+1) such that814

e1 = ({x1, . . . , xtmax},ω,H) is the initial single expert that was created before the start of the outer815

‘for’ loop, et+1 = e is the latest version of the expert, and for each i → [t], the expert ei+1 is either816

equal to ei, or it was created by executing EXPERT.UPDATE(ei, ·, ·).25817

25Note that in this paper, we use genealogical metaphors in two distinct contexts that should not be confused.
First, as is customary, we use “child”, “parent”, “ancestor” and “descendant” to describe relations between
nodes in the binary tree Td, which constitutes the domain of our hypothesis class. Separately from that, we use
“ancestor” and “descendant” to describe relations between experts.

This overlap in terminology can partially be excused by the fact that the history of experts also forms a binary
tree. Indeed, initially there is a single expert (the root of the tree), and experts can split into two, corresponding
to a node having two children as in a binary tree. Seeing as experts cannot merge, the expert history corresponds
precisely to a binary tree. (However, the domain Td is a perfect binary tree, whereas the binary tree corresponding
to expert genealogy need not be balanced).

To reduce confusion, we use path(·) only for nodes in Td, and ancestry(·) only for experts, even though
these operators are mathematically equivalent (however, path(·) is defined not only for nodes in Td but also for
functions Td ↑ {0, 1}).
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D.3.2 Pseudocode818

Assumptions:
• d, n → N, ω is the empty string.
• H ↔ {0, 1}Td is the class that exists by Lemma D.2.
• x1, x2, . . . , xn → Td are points to be classified.

TRANSDUCTIVELEARNER(H, d, (x1, x2, . . . , xn)):

t ∈ 0, tmax ∈ 24
↔

d

e ∈ ({x1, . . . , xtmax},ω,H) ϑ The initial expert. An expert is defined by a 3-tuple.
w(e) ∈ 1 ϑ Assign the initial expert a weight of 1.
E1 ∈ {e} ϑ Et is the set of experts used for predicting ŷt.
E2, . . . , En, En+1 ∈ ⊋

for t ∈ 1, 2, . . . , n:

ŷt ∈ 1

(
∑

e↓Et

w(S) · EXPERT.PREDICT(e, xt) ⇔
1

2

)
ϑ

A weighted majority, using
Algorithm 6a.

send prediction ŷt to adversary

receive correct label yt → {0, 1} from adversary

for e → Et: ϑ Update the experts.

if EXPERT.PREDICT(e, xt) = yt:
Et+1 ∈ Et+1 ↓ {e} ϑ If expert e made a correct prediction,

keep it and its weight unchanged.
else:

U ∈ EXPERT.UPDATE(e, xt, yt) ϑ If e made a mistake, update e using
Algorithm 6b. This might cause e to
be split into two experts.

for e↗ → U :
Et+1 ∈ Et+1 ↓ {e↗} ϑ Add updated expert(s) to Et+1.
w(e↗) ∈ w(e)/(2 · |U |) ϑ When e makes a mistake, its weight

is decreased by a factor of 2 and then
split equally between its descendants.

Algorithm 5: A transductive online learning algorithm that makes at most O
(∝

d
)

mistakes. It is a
variant of the multiplicative weights algorithm that employs splitting experts. Namely, we start with a
single expert, and when an expert makes a mistake it may split into two experts. The behavior of the
experts is defined in Algorithms 6a and 6b.
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Assumptions:
• d → N, x → Td.
• e = (S, u,H) is a tuple that defines an expert:

⇓ S ↔ Td – a collection of nodes that could be on-path for the true labeling
function given what the expert knows and assumes.

⇓ u → Td – the deepest node known or assumed to be on-path by the expert.
⇓ H ↔ {0, 1}Td – the collection of all functions that could be the correct

labeling function given what the expert knows and assumes.

EXPERT.PREDICT(e, x):

(S, u,H) ∈ e ϑ Unpack the state that defines the expert.

if |H| ↑ 22
↔

d:
return HALVING.PREDICT(H,x) ϑ Once H becomes small enough, simulate the

Halving algorithm (Algorithm 7). [Case I]
if x ↭ u:

return b → {0, 1} such that x ↭b u ϑ u is assumed to be on-path. If u is a b-
decendant of x, then the correct label for
x must be b. [Case II]

return 1
(
|{x↗

→ S : x ↭1 x↗
}|

|S|
⇔

1

3

)
ϑ If there is b → {0, 1} such that at least a 1/3

of suspected on-path nodes are b-decendants
of x, then output b. Otherwise (when at least
2/3 of S are non-descendants of x), output 0.
[Cases III to VI]

Algorithm 6a: A subroutine of Algorithm 5 that defines how an expert makes predictions.
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Assumptions:
• d, x, e, S, u, H – as in Algorithm 6a.
• y – the correct label for x, as selected by the adversary.

EXPERT.UPDATE(e, x, y):

(S, u,H) ∈ e ϑ Unpack the state that defines the expert.

H ∈ HALVING.UPDATE(H,x, y) ϑ Update the version space, as in the Halving
algorithm (Algorithm 7).

if |H| ↑ 22
↔

d: ϑ If the version space is small, we just simu-
late the Halving algorithm, so the update is
complete. [Case III]

return {(S, u,H)}

for b → {0, 1}:
Sb ∈ {x↗

→ S : x ↭b x↗
} ϑ Set of suspected on-path nodes that are b-

descendant of x.

if |S(1↑y)|/|S| ⇔ 1/3:

S↗
∈ S \ S(1↑y) ϑ At least 1/3 of suspected on-path nodes were b-

decendants of x, and therefore the expert predicted
label ŷ = b. But the correct label was y = 1 ⇑ b.
Remove all b-descendants of x from S. [Case IV]

return {(S↗, u,H)}

else:
S/↓ ∈ S; u/↓ ∈ u ϑ Split e in two. First, construct e/↓ to be an

updated version of e after adding the assump-
tion that x /→ path(h) for the correct label-
ing function h.

H/↓ = {h → H : x /→ path(h)}
e/↓ ∈ (S/↓, u/↓, H/↓)

S↓ ∈ S0 ↓ S1 ϑ Next, construct e↓ to be an updated version
of e adding the assumption x → path(h).
S↓ contains only nodes that are descendants
of x.

u↓ ∈ u ϑ u↓ represents updating the prior assumption
that u is on path by adding that x is also on
path.

if u↓ ↭ x:
u↓ ∈ x

H↓ = {h → H : x → path(h)} ϑ H↓ is obtained by updating the version
space to include only function where x is
on path.

e↓ ∈ (S↓, u↓, H↓)

return {e/↓, e↓} ϑ [Cases V and VI]

Algorithm 6b: A subroutine of Algorithm 5 that defines how an expert is updated (and possibly split
into two) when it makes a mistake.
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Assumptions:
• X a set, k → N.
• H ↔ {0, 1}X .
• x, x1, . . . , xk → X , y → {0, 1}.

HALVING(H, (x1, x2, . . . , xk)):

H1 ∈ H

for i → [k]:

ŷi ∈ HALVING.PREDICT(H, xi)

send prediction ŷi to adversary

receive correct label yi → {0, 1} from adversary

Hi+1 ∈ HALVING.UPDATE(Hi, xi, yi)

HALVING.PREDICT(H, x):

return 1
(

h↓H
h(x) ⇔ 1

2

)

HALVING.UPDATE(H, x, y):

return
{
h → H : h(x) = y

}

Algorithm 7: This is the well-known halving algorithm. The experts in Algorithms 6a and 6b simulate
this algorithm once their version space becomes small enough.

D.4 Analysis819

In this section we prove our main result, Theorem D.1.820

D.4.1 Assumption-Consistent Expert821

Occasionally, when an expert is updated, it makes an assumption about whether the most-recently822

presented node xt is on-path or off-path with respect to the true labeling function h. In these823

updates, the expert is split into two: one expert assumes that xt → path(h), and the other assumes824

xt /→ path(h). Clearly, by splitting into two in this manner, we preserve the invariant that the set of825

experts always contains a ‘vindicated’ expert e↘ such that all the assumptions made by e↘ are correct.826

This simple observation is made formal in the following definition and claim.827

Definition D.3 (Assumption consistency). For an expert e → Et+1 with ancestry(e) =828

(e1, e2, . . . , et+1), and an index i → [t], we say that the i ↘ (i + 1) update of e was assump-829

tion-consistent with a function h : Td ↘ {0, 1} if one of the following conditions hold:830

• ei+1 = ei; or831

• ei+1 was the single expert returned by EXPERT.UPDATE(ei, xi, yi); or832

• EXPERT.UPDATE(ei, xi, yi) returned two experts (S↓, u↓, H↓) and (S/↓, u/↓, H/↓) (as in833

the third return statement of EXPERT.UPDATE), and furthermore,834

ei+1 =

{
(S↓, u↓, H↓) xi → path(h)
(S/↓, u/↓, H/↓) xi /→ path(h). (18)

We say that an expert e → Et+1 is assumption-consistent with h if for all i → [t], the i ↘ (i + 1)835

update of e was assumption-consistent with h.836
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Claim D.4 (Existence of assumption-consistent expert). Let d, n, t → N, t ↑ n, let H ↔ {0, 1}Td , let837

x1, . . . , xn → Td, and let h : Td ↘ {0, 1}. Consider an execution of838

TRANSDUCTIVELEARNER(H, d, (x1, x2, . . . , xn))

as in Algorithm 5. Then, at the end of the t-th iteration of the outer ‘for’ loop in TRANSDUCTIVE-839

LEARNER, there exists a unique expert e↘t+1 → Et+1 that is assumption-consistent with h.840

Proof. We prove by induction that, for all s → [t+1], Es contains a unique expert that is assumption-841

consistent with h. The base case s = 1 is clear, because E1 contains only a single expert that was842

never modified. For the induction step, let e↘s be the unique assumption-consistent expert in Es, and843

consider the s ↘ (s+ 1) update. Notice that by Definition D.3,844

• For all e → Es \ {e↘s}, every expert e↗ → Es+1 such that e↗ = e or e↗ was created by845

executing EXPERT.UPDATE(es, xs, ys) is not assumption-consistent with h; and846

• Either EXPERT.UPDATE(e↘s, xs, ys) is not executed and e↘s → Es+1 (e↘s is added847

to Es+1 without any modification), or precisely one of the experts created by848

EXPERT.UPDATE(e↘s, xs, ys) and added to Es+1 is assumption-consistent with h.849

Seeing as the s ↘ (s+1) update executes at most EXPERT.UPDATE(e, xs, ys) once for each e → Es,850

it follows that Es+1 contains precisely one expert that is assumption-consistent with h.851

An expert e = (S, u,H) that is assumption-consistent with the correct labeling function enjoys two852

simple properties. The first property is that the node u in the expert encodes correct information853

about which previously seen nodes are on-path for the correct labeling function.854

The second property is that the set S contains all future nodes that are on-path for the correct labeling855

function and are also deeper in the tree than all nodes assumed to be on-path so far. These two856

properties are formalized in the following claim.857

Claim D.5 (Properties of assumption-consistent expert). Let d, n, t → N, t ↑ n+1, let H ↔ {0, 1}Td ,858

let x1, . . . , xn → Td. Consider an execution of859

TRANSDUCTIVELEARNER(H, d, (x1, x2, . . . , xn))

as in Algorithm 5. Assume that the adversary selects labels y1, y2, . . . , yn → {0, 1} that are consistent860

with some function h : Td ↘ {0, 1}. Let e↘t = (S↘

t , u
↘

t , H
↘

t ) → Et be the unique expert in Et that is861

assumption-consistent with h.26 Then the following two properties hold:862

1. u↘

t → path(h).863

2. {x → {xt, xt+1, . . . , xtmax} : x → path(h) ∋ x ⇐↭ u↘

t } ↔ S↘

t .864

Proof of Claim D.5. The proof proceeds by induction on t. For the base case t = 1, E1 contains865

a single expert e↘1 = (S↘

1 , u
↘

1, H
↘

1 ) where u↘

1 = ω is the root of Td. Indeed, ω → path(h) for866

any function h : Td ↘ {0, 1}. This establishes the base case for Item 1. Additionally, S↘

1 =867

{x1, x2, . . . , xtmax}, satisfying the base case for Item 2.868

For the induction step, we assume that the claim holds for some integer t = i, and show that it869

holds for t = i + 1 as well. First, we establish Item 1. If e↘i+1 = e↘i , then the claim is immediate.870

Otherwise, by Definition D.3 and the first first two return statements in EXPERT.UPDATE, either871

e↘i+1 = (S↘

i+1, u
↘

i+1, H
↘

i+1) has u↘

i+1 = u↘

i → path(h), in which case the claim is immediate, or else872

e↘i+1 satisfies Eq. (18), namely,873

e↘i+1 =

{
(S↓, u↓, H↓) xi → path(h)
(S/↓, u/↓, H/↓) xi /→ path(h).

As defined in EXPERT.UPDATE, u↓ is equal either to u↘

i or to xi, so if xi → path(h) then874

u↘

i+1 = u↓ → {u↘

i , xi} ↔ path(h).

26Recall that e↑t exists by Claim D.4.
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On the other hand, if xi /→ path(h) then we get u↘

i+1 = u/↓ = u↘

i → path(h). We see that in all cases,875

u↘

i+1 → path(h) as desired. This concludes the proof of Item 1.876

For Item 2, again, if e↘i+1 = e↘i , then the claim is immediate. Otherwise, consider the various ways in877

which u↘

i+1 and S↘

i+1 can be assigned by EXPERT.UPDATE. In the first return statement, u↘

i+1 = u↘

i878

and S↘

i+1 = S↘

i , and the claim is immediate.879

The second return statement assigns u↘

i+1 = u↘

i and S↘

i+1 = S↘

i \ S1↑yi , where S1↑yi is the set of880

(1⇑ yi)-descendants of xi (including xi itself). Notice that regardless of whether xi is on-path for881

the correct labeling function h or not, none of the (1 ⇑ yi)-descendants of xi (except possibly xi882

itself) can be on-path for h, because h assigns a label yi to xi. And seeing as Item 2 only requires that883

S↘

i+1 contain nodes from {xi+1, xi+2, . . . , xtmax}, it is also safe to remove xi. Therefore, removing884

S1↑yi preserves Item 2.885

For the third return statement, there are two possibilities. The first possibility is that u↘

i+1 = u/↓ = u↘

i886

and S↘

i+1 = S/↓ = S↘

i , in which case the claim is immediate. The second possibility assigns887

u↘

i+1 = u↓, and S↘

i+1 = S↓ = S0 ↓ S1, namely, S↘

i+1 is constructed by removing the non-888

descendants of xi from S↘

i . By Eq. (18), this happens when xi → path(h), so all non-descendants of889

xi or either off-path for h, or they are ancestors of xi. Seeing as xi → path(h) and u↘

i → path(h),890

and u↓ is the deeper node between these two, any node that is an ancestor of xi is also an ancestor891

of u↘

i+1 = u↓. Thus, all the nodes removed or either off-path for h, or they are ancestors of u↘

i+1,892

satisfying Item 2. (Similarly, any node that is an ancestor of u↘

i is also an ancestor of u↘

i+1, so we do893

not need to add any new nodes to S↘

i+1 that are not included in S↘

i .)894

We see that in all cases, Item 2 is preserved, as desired.895

D.4.2 Transition to Halving896

Claim D.6. Let d, n, t → N, d ⇔ 16, let H ↔ {0, 1}Td , and let x1, . . . , xn → Td. Consider an897

execution of898

TRANSDUCTIVELEARNER(H, (x1, x2, . . . , xn))

as in Algorithm 5. Let t > tmax = 24
↔

d and let e = (S, u,H) → Et be an expert. Then899

|H| ↑ 22
↔

d.

Proof of Claim D.6. Assume for contradiction that |H| > 22
↔

d. Let H ↗
↔ H be an arbitrary subset900

of size 22
↔

d + 1. Let901

P = ↓h↓H↓ path(h).

Seeing as each root-to-leaf path contains d+ 1 nodes,902

|P | ↑ |H ↗
| · (d+ 1) ↑

(
22

↔

d + 1
)
· (d+ 1) ↑ d22

↔

d+1. (19)

Let y1, y2, . . . , yt be the labels provided by the adversary in the first tmax iterations. The line in903

EXPERT.UPDATE constructing H using HALVING.UPDATE(H,x, y) ensures that904

≃h → H ≃i → [tmax] : h(xi) = yi. (20)

Consider two cases:905

• Case I.
tmax

i=1 yi ↑ tmax/2. Then the set906

X0 = {xi : i → [tmax] ∋ yi = 0}

has cardinality |X0| ⇔ tmax/2. Let X ↗

0 = X0 \ P . By Eq. (19),907

|X ↗

0| ⇔
tmax

2
⇑ d22

↔

d+1 = 24
↔

d
⇑ d22

↔

d+1. (21)

From the choice of X ↗

0, the inclusion H ↗
↔ H , and Eq. (20),908

≃h → H ↗
≃x → X ↗

0 : x /→ path(h) ∋ h(x) = 0. (22)
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Seeing as |H ↗
| > 22

↔

d, Eq. (22) and Item 1 from Lemma D.2 imply that909

|X ↗

0| ↑ 22
↔

d. (23)

Combining Eqs. (21) and (23) yields910

22
↔

d
⇔ |X ↗

0| ⇔ 24
↔

d
⇑ d22

↔

d+1

⇔ 24
↔

d↑1 (d ⇔ 16),

which is a contradiction.911

• Case II.
tmax

i=1 yi > tmax/2. A similar argument gives a contradiction by defining912

X1 = {xi : i → [tmax] ∋ yi = 1}, and X ↗

1 = X1 \ P.

As before,913

|X ↗

1| ⇔
tmax

2
⇑ d22

↔

d+1
⇔ 24

↔

d
⇑ d22

↔

d+1. (24)

for all d → N. However, |H ↗
| > 22

↔

d and Item 2 imply that914

|X ↗

1| < 3
∝

d, (25)

which is a contradiction.915

D.4.3 Performance of Best Expert916

Claim D.7 (Existence of expert with large weight). Let d, n → N, d ⇔ 16, let H ↔ {0, 1}Td , and let917

x1, . . . , xn → Td. Consider an execution of918

TRANSDUCTIVELEARNER(H, (x1, x2, . . . , xn))

as in Algorithm 5. Then, at the end of the execution, there exists e → En+1 such that919

w(e) ⇔ 2↑48
↔

d.

Note that the lower bound in Claim D.7 does not depend on n.920

Proof. Fix a hypothesis h → H such that h(xt) = yt for all t → [n] (such an h exists because the921

adversary must always select a realizable label).922

By Claim D.4, there exists e↘n+1 → En+1 that is assumption-consistent with h. Let ancestry
(
e↘n+1

)
=923

(e↘1, e
↘

2, . . . , e
↘

n+1). We argue that this ancestry sequence makes few mistakes. Specifically, for each924

t → [n], let ŷ↘t = EXPERT.PREDICT(e↘t , xt). We claim that925

m =
n∑

t=1

1(ŷ↘t ⇐= yt) ↑ 24
∝

d.

Indeed, let B = {t → [n] : ŷ↘t ⇐= yt} be the set of m indices where a mistake was made. For926

each t → B, let e↘t = (S, u,H), and note that each t → B has a corresponding execution of927

EXPERT.PREDICT(e↘t , xt), and an execution of EXPERT.UPDATE(e↘t , xt, yt) that produces e↘t+1. We928

partition the indices in B into six cases (six sets), and bound the number of indices that fall in each.929

• Case I. The execution of EXPERT.PREDICT(e↘t , xt) exited via the first return statement in that930

procedure. This happens once |H| ↑ 22
↔

d, and from that point on, the expert and931

all subsequent experts in the ancestry are exactly simulating the HALVING algorithm932

(Algorithm 7) in both predictions and updates. Hence, by Fact E.1, B contains at most933

mI = 2
∝
d such indices.934

• Case II. The execution of EXPERT.PREDICT(e↘t , xt) exited via the second return statement in935

that procedure. In particular x ↭ u, and the predicted label was ŷ↘t = b → {0, 1} such936

that xt ↭b u. Because e↘t is assumption-consistent with h, Item 1 in Claim D.5 implies937

that u → path(h). Namely, we see that u is a b-descendant of xt and u → path(h). It938

follows that ŷ↘t = b = h(xt) = yt. So no mistakes are made in Case II, and the number939

of indices t → B that belong to Case II is simply mII = 0.940
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In the remaining cases, we assume that EXPERT.PREDICT(e↘t , xt) exited via the third return statement941

in that procedure, so the prediction was942

ŷ↘t = 1

(
|S1|

|S|
⇔

1

3

)
, (26)

where S1 = {x↗
→ S : xt ↭1 x↗

}. These cases are as follows.943

• Case III. The execution of EXPERT.UPDATE(e↘t , xt, yt) exited via the first return statement in944

that procedure. Namely, after the update, the resulting expert e↘t+1 has |H| ↑ 22
↔

d.945

However, because we are not in Case I, at the beginning of the iteration expert e↘t had946

|H| > 22
↔

d. Seeing as the cardinality of H decreases monotonically throughout the947

ancestry e↘1, . . . , e
↘

n+1, this type of mistake can happen at most mIII = 1 times.948

• Case IV. The execution of EXPERT.UPDATE(e↘t , xt, yt) exited via the second return statement949

in that procedure. In this case, |S(1↑yt)|/|S| ⇔ 1/3, and e↘t+1 = (S↗, u,H) with950

S↗ = S \ S1↑yt . So |S↗
| ↑ 2|S|/3. Namely, the update causes the cardinality of the951

set S to be multiplied by a factor of at most 2/3 and it strictly decreases. Seeing as the952

initial cardinality is tmax, and cardinalities are integers, the number of times this can953

happen is at most954

mIV =
log(tmax)

log(3/2)
+ 1 =

4
∝
d

log(3/2)
+ 1. (27)

In the remaining cases, we assume that the execution of EXPERT.UPDATE(e↘t , xt, yt) exited via the955

third return statement in that procedure. This implies that956

|Sŷ↗
t
|/|S| < 1/3 (28)

Combining this with Eq. (26), it follows ŷ↘t = 0 and therefore yt = 1. The remaining cases are as957

follows.958

• Case V. xt → path(h). Let e↘t = (S, u,H). Seeing as |H| > 22
↔

d (because we are not in959

Case I), Claim D.6 (with the assumption d ⇔ 16) implies that t ↑ tmax. By Item 2960

of Claim D.5, the facts xt ⇐↭ u (we are not in Case II) and xt → path(h) imply that961

xt → S. In particular, S is not empty.962

Because the t ↘ (t + 1) update of e↘t+1 was assumption-consistent with h, Eq. (18)963

implies that e↘t+1 = (S↓, u↓, H↓), with S↓ = S0 ↓ S1. Observe that964

• |S0|/|S| < 1/3 (plugging ŷ↘t = 0 into Eq. (28)); and965

• |S1|/|S| < 1/3 (because otherwise, by Eq. (26), the prediction would have been966

ŷ↘t = 1).967

Therefore,968

|S↓| ↑ |S0|+ |S1| ↑ 2|S|/3. (29)
As in Case IV, combining Eq. (29) and the fact that S is not empty imply an upper969

bound mV on the number of times Case V can happen, with the bound being the same970

number mV = mIV as in Eq. (27).971

• Case VI. xt /→ path(h). So (xt, yt) is a pair such that xt /→ path(h) and yt = 1. Assume for972

contradiction that this type of mistake can happen strictly more than973

mVI = 3
∝

d

times. Let t1, t2, . . . , tmVI be the indices of the first mVI iterations of the outer ‘for’974

loop of TRANSDUCTIVELEARNER in which this type of mistake happened. Note that975

if at the end of iteration tmVI , we had expert e↘tmVI+1 = (StmVI+1, utmVI+1, HtmVI+1)976

such that |HtmVI+1| ↑ 22
↔

d, then from that point onwards, the expert would be977

simulating the halving algorithm, and in particular, it would not make any further978

mistake of the type in Case VI (all subsequent mistakes would belong to Case I). Hence,979
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by the assumption that strictly more than mVI mistakes were made, it follows that980

|HtmVI+1| > 22
↔

d. Let981

H↘ =
{
h↗

→ H : (≃t → [mVI] : h↗(xtt) = 1 ∋ xt /→ path(h↗))
}
.

Because e↘tmVI+1 is assumption-consistent with h, and from the construction of HtmVI+1982

using H↓ and H/↓ in EXPERT.UPDATE, it follows that HtmVI+1 ↔ H↘. So there exist983

collections H↘
↔ H and X = {xtt : t → [mVI]} ↔ Td such that984

• |H↘
| ⇔ |HtmVI+1| > 22

↔

d,985

• |X| = mVI = 3
∝
d,986

• ≃h↗
→ H↘

≃x → X : h↗(x) = 1.987

• ≃h↗
→ H↘

≃x → X : x /→ path(h↗).988

This is a contradiction to the choice of H, specifically, to Item 2 in Lemma D.2.989

Thus, combining the analysis of all cases, we see that the number of mistakes made by the990

ancestry
(
e↘n+1

)
is at most991

m ↑ mI +mII +mIII +mIV +mV +mVI

↑ 2
∝

d+ 0 + 1 +

(
4
∝
d

log(3/2)
+ 1

)
+

(
4
∝
d

log(3/2)
+ 1

)
+ 3

∝

d

↑ 24
∝

d.

The weights satisfy992

w(e↘t+1)

{
= w(e↘t ) ŷ↘t = yt
⇔

1
4 · w(e↘t ) ŷ↘t ⇐= yt.

This implies that w(e↘n+1) ⇔ w(e↘1) ·
n

t=1 4
↑1(ŷi ≃=yi) = w(e↘1) · 4

↑m
⇔ 4↑24

↔

d = 2↑48
↔

d, as993

desired.994

D.4.4 Multiplicative Weights Mistake Bound995

Claim D.8 (Mistake bound for multiplicative weights). Let d, n → N, let ↼ > 0, let H ↔ {0, 1}Td ,996

and let x1, . . . , xn → Td. Consider an execution of997

TRANSDUCTIVELEARNER(H, (x1, x2, . . . , xn))

as in Algorithm 5. Assume that at the end of the execution, there exists e↘ → En+1 such that998

w(e↘) ⇔ 2↑ϑ.

Then TRANSDUCTIVELEARNER makes at most ↼ mistakes.999

Proof of Claim D.8. For all i → [n+ 1], let w(Ei) =


e↓Ei
w(e). For each i → [n], if ŷi ⇐= yi, then1000

w(Ei+1) ↑ w(Ei)/2. Hence, if TRANSDUCTIVELEARNER makes m mistakes, then by induction1001

w(En+1) ↑ w(E1) ·
n

t=1

2↑1(ŷi ≃=yi) = 2↑m
· w(E1).

So1002

2↑ϑ
↑ w(e↘) ↑

∑

e↓En+1

w(e) = w(En+1) ↑ 2↑m
· w(E1) = 2↑m.

We conclude that1003

m ↑ ↼,

as desired.1004
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D.5 Proof1005

Proof of Theorem D.1. Fix an integer d ⇔ 23. Let H ↔ {0, 1}Td↑1 be the class constructed by1006

invoking Lemma D.2 for the integer d⇑ 1 ⇔ 22. We argue that this class satisfies the requirements1007

of Theorem D.1.1008

By construction, H is a class of Littlestone dimension precisely d. By Theorem A.7, this implies the1009

equality in Item 2.1010

We now show the upper bound in Item 1. We argue that TRANSDUCTIVELEARNER (Algorithm 5)1011

satisfies this upper bound. By Claim D.7, at the end of the execution of TRANSDUCTIVELEARNER1012

there exists an expert e → En+1 such that w(e) ⇔ 2↑48
↔

d. By Claim D.8, this implies that the1013

number of mistakes made by TRANSDUCTIVELEARNER is at most 48
∝
d, as desired.1014

E Halving1015

Fact E.1. Let X be a set, and let H ↔ {0, 1}X be a hypothesis class. Then for all n → N, all1016

sequences x → X
n, and all realizable adversaries, HALVING (Algorithm 7) makes at most log(|H|)1017

mistakes in the transductive online learning (Game 2).27 Namely,1018

sup
n↓N

sup
A↓An

Mtr(H, n, HALVING, A) ↑ log(|H|).

27With the suitable syntactic modification, it also makes at most log(|H|) mistakes in the standard online
learning (Game 1).
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Answer: [Yes]1023
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Guidelines:1026
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made in the paper.1028
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much the results can be expected to generalize to other settings.1033
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Answer: [NA]1038
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• The answer NA means that the paper has no limitation while the answer No means that1042
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address problems of privacy and fairness.1061
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reviewers as grounds for rejection, a worse outcome might be that reviewers discover1063

limitations that aren’t acknowledged in the paper. The authors should use their best1064

judgment and recognize that individual actions in favor of transparency play an impor-1065

tant role in developing norms that preserve the integrity of the community. Reviewers1066

will be specifically instructed to not penalize honesty concerning limitations.1067

3. Theory assumptions and proofs1068
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a complete (and correct) proof?1070
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Answer: [Yes]1071

Justification: For each theoretical result, the paper provides the full set of assumptions and a1072

complete (and correct) proof.1073

Guidelines:1074

• The answer NA means that the paper does not include theoretical results.1075

• All the theorems, formulas, and proofs in the paper should be numbered and cross-1076

referenced.1077

• All assumptions should be clearly stated or referenced in the statement of any theorems.1078

• The proofs can either appear in the main paper or the supplemental material, but if1079

they appear in the supplemental material, the authors are encouraged to provide a short1080
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by formal proofs provided in appendix or supplemental material.1083

• Theorems and Lemmas that the proof relies upon should be properly referenced.1084

4. Experimental result reproducibility1085

Question: Does the paper fully disclose all the information needed to reproduce the main ex-1086

perimental results of the paper to the extent that it affects the main claims and/or conclusions1087

of the paper (regardless of whether the code and data are provided or not)?1088

Answer: [NA]1089

Justification: The paper has no experiments.1090

Guidelines:1091

• The answer NA means that the paper does not include experiments.1092

• If the paper includes experiments, a No answer to this question will not be perceived1093

well by the reviewers: Making the paper reproducible is important, regardless of1094

whether the code and data are provided or not.1095

• If the contribution is a dataset and/or model, the authors should describe the steps taken1096

to make their results reproducible or verifiable.1097
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dataset, or provide access to the model. In general. releasing code and data is often1102
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instructions for how to replicate the results, access to a hosted model (e.g., in the case1104
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appropriate to the research performed.1106
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sions to provide some reasonable avenue for reproducibility, which may depend on the1108

nature of the contribution. For example1109

(a) If the contribution is primarily a new algorithm, the paper should make it clear how1110

to reproduce that algorithm.1111

(b) If the contribution is primarily a new model architecture, the paper should describe1112

the architecture clearly and fully.1113

(c) If the contribution is a new model (e.g., a large language model), then there should1114

either be a way to access this model for reproducing the results or a way to reproduce1115

the model (e.g., with an open-source dataset or instructions for how to construct1116

the dataset).1117

(d) We recognize that reproducibility may be tricky in some cases, in which case1118

authors are welcome to describe the particular way they provide for reproducibility.1119

In the case of closed-source models, it may be that access to the model is limited in1120

some way (e.g., to registered users), but it should be possible for other researchers1121

to have some path to reproducing or verifying the results.1122

5. Open access to data and code1123
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Answer: [NA]1153
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• The assumptions made should be given (e.g., Normally distributed errors).1176
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8. Experiments compute resources1187
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puter resources (type of compute workers, memory, time of execution) needed to reproduce1189

the experiments?1190

Answer: [NA]1191

Justification: The paper does not include experiments.1192
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• The answer NA means that the paper does not include experiments.1194

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1195
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than the experiments reported in the paper (e.g., preliminary or failed experiments that1200

didn’t make it into the paper).1201
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eration due to laws or regulations in their jurisdiction).1213

10. Broader impacts1214
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